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ABSTRACT
Granular materials can be found everywhere in nature and they are ubiquitous
in technology nowadays. Since there are no macroscopic equation for granular ma-
terials (particles), the discrete element method (DEM) has been widely used for the
simulation of the complex behavior of granular materials without constitutive laws.
Nevertheless, most of the research groups study the behavior of granular materials
based on the round or spherical particles which do not model the actual granular
particle shape. For example, the angle of repose for polyhedra is obviously larger
than the angle of repose for spherical particles.
In general, polyhedral particle aggregates and spherical particle aggregates show
definitely different behavior. On the other hand, a sphere can be thought to be
a polyhedron with many corners, which means when the number of vertices for
non-elongated regular polyhedra is increased, at some point the results should be
identical with spheres. In our work, we want to study the shape effects on the den-
sity of both polyhedral (non-asymmetry & non-elongation) and spherical granular
assemblies. We want to investigate if we can obtain the properties of granular parti-
cle aggregates of spheres via polyhedra (same material stiffness) by only increasing
the number of vertices. Besides that, we also study about the effect of walls on
those granular particle aggregates and the effect of number of corners for polyhedral
particles on the total particle configuration filling height and surface roughness.
For comparison of granular particle packing density distributions, we used a three
dimensional discrete element method (DEM) simulation of spheres and regular poly-
hedra with various number of vertices (14, 38, 50 and 72 corners). It turns out that
the probability distribution of packing densities for non-elongated and symmetric
regular polyhedra with increasing number of corners at least for hundreds of cor-
ners approach a common limit. Nevertheless, this limit is still very much different
from the density distributions of spherical particles with the same Young’s modu-
lus. This means that disks and spheres are not a good approximations for angular
particles even for the packing densities. Only when the Young’s modulus is reduced,
the packing density distributions for polyhedra with many corners approaches that
for spheres with the original Young’s modulus due to the higher mobility of softer
polyhedral particles.
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Chapter 1
Introduction
Assemblies of spherical and polyhedral particles show definitely different mechanical
behaviour. The grains in many experimental granular media are angular or elon-
gated, however most of the prevalent methods in discrete element simulations use
circles (in 2 dimensions) or spheres (in 3 dimensions). In other words, this means
simulations using spherical particles do not model the particle shape realistically,
with consequences for the angle of repose [1, 2], material strength of assemblies in
e.g. bi- or triaxial compression [3], density distributions [4], sound velocity etc. Dur-
ing the previous research of the group on two-dimensional particles, it turned out
that the effect of particle elongation and different number of corners (”smooth” vs.
”rough” particles) was significant. The purpose of this thesis was to find out how
much the number of corners affects the physical properties, and what is the relation
between ideally spherical particles and polyhedra with a finite number of corners.
1

Chapter 2
Discrete Element Method
The discrete element method (DEM) is a method which models inter-particle forces
based on the overlap of undeformed particle shapes and on elasticity parameters
[5, 6]. The overlap between particle during intersection represents the total amount
of deformation which is necessary for the particles to physically occupy the space
in their actual arrangement. The discrete element method is commonly used to
investigate the complex behavior of granular materials without constitutive laws.
The reason we choose the discrete element method instead of e.g. the finite element
method (FEM) for particles in our research is that for discrete element method,
only the degrees of freedom which is necessary for rigid bodies are needed (three in
two dimensions and six in three dimensions). In contrast, the finite element method
needs many degrees of freedom in the discretization of the elastic particles and we are
not interested in the additional information one could gain from the finite element
method (internal stresses and strains).
nˆ
tˆ tˆ
nˆ
tˆ
nˆ
Fig. 2.1 Two dimensional definition of the normal force direction, nˆ and the tan-
gential force direction, tˆ for circular particles (left); polygons via the contact line
(middle); and polygons via the connection of the center of mass of the overlap area
and the two intersections points.
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2.1 DEM in two dimensions (polygons)
Generally, the three basic properties which have to be defined for the interaction in
a DEM-computation is the force direction, the force magnitude and the force point.
We need mathematically unique definitions of the normal- and the tangential force
direction and a model for Coulomb friction. For circles, it is very common to define
the normal force direction as the vector connecting the two centers of mass (Fig. 2.1,
left). For polygonal particles, we have to define the tangential force direction via
a “contact line” which passes through the two intersection points of the contacting
particles, and the normal force direction as its normal (Fig. 2.1, middle). As an
alternative, we can connect the center of mass of the overlap polyhedron and the
two intersections points to obtain the “contact line”, which is a connection of two line
segments. Then we take the normals of the two segments to define a unique normal
force direction by adding up the two normals weighted by their lengths. Thus, the
direction perpendicular to the normal force direction is the tangential direction (see
Fig. 2.1, right). In two-dimensional discrete element method, the force F between
l1 l2
tˆ nˆ
Fig. 2.2 Definition of the distances between the center of mass of the overlap area
and the center of mass of the contacting particles l1, l2, and the direction of force nˆ
and tangential direction tˆ for interaction of two dimensional particles.
two contacting polygons is proportional to the overlapping area, A of the particles.
The equation of the magnitude of the force between two particles is
F =
Y · A
l
, (2.1)
where A is the overlap area of the particles and Y is the Young modulus. The
characteristic length l is given as
l = 4
l1l2
l1 + l2
, (2.2)
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where l1, l2 are the distances between the center of mass of the contacting particles
and the force point (the center of mass of the overlap area) (see Fig. 2.2). The di-
rection of the force is given by the weighted average of the intersection between the
contacting polyhedra, see Ref. [7] for details. The definition with the characteristic
length in eq. (2.1) allows to recover the sound velocity for space filling packing of
particles[8]. The factor of 4 in eq. (2.2) means for a packing, the characteristic length
is basically the extension between two extremal points of the particles. While Coste
et al.[9] investigated experimentally the dependence of the sound velocity on the
particle interaction in one dimension, for our setup the detailed form of the interac-
tion will not play any significant role: All our particle contacts are pre-strained, so
there will be a distribution for the contact strength, where each contact can be lin-
earized. Non-linearities will only appear as precursors of the linear (sound velocity
independent of the amplitude) waves. Additionally to the normal forces, the three-
dimensional equivalent[8] for the friction model by Cundall et al.[5] is implemented.
As long as the theoretical dynamic friction (the product of friction coefficient µ and
normal force Fn) is not exceeded, the tangential force is incremented proportional to
the tangential velocity vt by δf = −kY vt. Based on two-particle collisions, k = 2/7
was proposed[10], but also other constants of similar magnitude are in use, e.g. 2/5,
the prefactor of the moment of inertia of spheres. The characteristic length have to
be introduced to show the sound velocity in granular materials independent on the
particle size. The direction of the force is given by the length-weighted average of
the intersection between the contacting polygons, nˆ.
2.2 DEM in three dimensions (polyhedra)
For the discrete element method in three dimensions, the magnitude of force F
is proportional to the overlapping volume, V of the interacting particles with the
equation:
F =
Y · V
l
, (2.3)
where V is the overlap volume of the particles, Y is the Young modulus and l is the
characteristic length[11]. The difference between overlapping polygons and poly-
hedra is, for polyhedral particles, the length-weighted normal direction definition
becomes area-weighted and the normal for the contact area of the overlap polyhe-
dron is the average of the area-weighted normals of all the contact triangles (see
Fig. 2.3). For the force point in three dimensional-DEM simulation, we choose the
center of mass of the overlap polyhedron as shown in Fig. 2.3.
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c
c2
c1
o
1
2
Fig. 2.3 Two overlapping polyhedra (left) and the overlap region (right).
The intersection points between two polyhedra is shown by the stars; The
contact area consists of the triangles formed by the solid lines connecting
adjacent intersection points while the dashed lines connecting intersection
points and the center of the overlap region. The center of mass of the
overlap polyhedron co is the force point and the normal direction is along
the vector starting co, which is the average of the normals of the contact
triangles.
2.3 Time integration
2.3.1 Equation of motion
The motion of granular particles is decomposed according to Ko¨nig’s theorem[12] as
the translational motion of the centers of mass and the rotational motion around the
centers of mass. The Newton’s equation of motion (translation motion of centers of
mass) is
r¨(t) =M−1F (t), (2.4)
where M is the mass matrix, r(t) is the vector of the center of mass and F the
external force vector. While for the computation of rotational motion around the
centers of mass, the second time derivative of the unit quaternion q¨:
q¨ =
1
2
(ω˙q + q˙ω), (2.5)
where ω is the angular velocity is used.
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2.3.2 Gear predictor corrector for 2nd-order ODEs
In our research, the “Gear Predictor-Corrector” is used as numerical approxima-
tion for the Newton’s equation of motion (translation motion of centers of mass)
Eq. (2.4). Also for the approximation of second time derivative of the unit quater-
nion q¨ (rotational motion around the centers of mass) Eq. (2.5).
We chose the Gear predictor-corrector formulation (see Eq. (2.8) (2.9)) because
of its stability and efficiency. The Gear predictor-corrector family of solvers is “stiﬄy
stable”, i.e. it is able to estimate the solution of some equations with large time step
and able to neglect small oscillations in the solution. Furthermore, it is an implicit
method but does not need a matrix inversion or a solution of a non-linear system of
equations (for implicit Runge-Kutta methods).
The second-order Newton’s equation of motion for a particle Eq. (2.4) can be
rewritten in two first-oder ODE Eq. (2.6) and (2.7) and solved simultaneously.
r˙(t) = v, (2.6)
v˙(t) =M−1F (t), (2.7)
For the equation of motion for translation as example, if r0 is the vector of the center
of mass, rn =
δtn
n!
dnr0
dtn as the n-th time derivatives of r0 rescaled by a factor
δtn
n! , the
six-value predictor for ri (i = 0, 1, . . . , 5) at time t+ δt from t is a application of the
Taylor series 
rp0(t+ δt)
rp1(t+ δt)
rp2(t+ δt)
rp3(t+ δt)
rp4(t+ δt)
rp5(t+ δt)

=

1 1 1 1 1 1
0 1 2 3 4 5
0 0 1 3 6 10
0 0 0 1 4 10
0 0 0 0 1 5
0 0 0 0 0 1


r0(t)
r1(t)
r2(t)
r3(t)
r4(t)
r5(t)

. (2.8)
The corrected value rci is
rc0(t+ δt)
rc1(t+ δt)
rc2(t+ δt)
rc3(t+ δt)
rc4(t+ δt)
rc5(t+ δt)

=

rp0(t+ δt)
rp1(t+ δt)
rp2(t+ δt)
rp3(t+ δt)
rp4(t+ δt)
rp5(t+ δt)

+

c0
c1
c2
c3
c4
c5

∆r (2.9)
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in which ∆r = rc2(t + δt)− rp2(t + δt) is the difference between the predicted value
rp2(t+δt) and the corrected value r
c
2. The coefficients ci for the six-value corrector are
shown in Table 2.1 (see also in the references [13, 14]). In our case, the coefficients
for second-order correctors are for velocity-dependent forces n-th order difference
approximation of the differential equations Eq. (2.6), (2.7).
Table 2.1 Gear corrector coefficients for second-order differential equation of order
from two to five.
Order c0 c1 c2 c3 c4 c5
2 0 1 1
3 1/6 5/6 1 1/3
4 19/90 3/4 1 1/2 1/12
5 3/16 251/360 1 11/18 1/6 1/60
2.3.3 Relaxation of the Kinetic Energy and Potential En-
ergy
In this work, we have investigated the relaxation of the kinetic energy and potential
energy of a particle packing enclosed between walls under strong energy damping
for different BDF (Backward differentiation formula) time integrators: 2nd-, 3rd-
and 5th-order Gear predictor-corrector. We are interested here in the stability and
the accuracy for the energy relaxation, and the mechanical stability of the static
packing (i.e. that the particles do not move further due to numerical noise after
static friction fixes the relative position).
The stability of the integrator is expressed by the smoothness of the curve for
the kinetic energy relaxation: The 5th-order predictor-corrector is numerically more
stable than the 2nd- and 3rd-order predictor-corrector (see Fig. 2.4 right) in the
sense that the energy curve is much smoother. In other words, the kinetic energy
has less noise when we computed it with the 5th-order predictor-corrector. Nev-
ertheless, as can be seen from the curve for the potential energy, the mechanical
stability of the packing for the 5th order integrator is the worst among all the three
integrators: Due to noise in the integrator (the positions are not maintained prop-
erly), the packing compactifies further with BDF5, less with BDF2, and with BDF3
in between the two (see Fig. 2.4 left). Due to the increasing packing density for
BDF5, there are more neighbours to compute (even though there may not be an
actual overlap, but the computation of the neighbours which do not have an overlap
is the most costful of all computations, because all vertices an overlap computation
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is attempted). Accordingly, the 5th-order method is more time-consuming than
the 2nd- and 3rd-order predictor-corrector: 30 instead of 24 hours for 4 seconds
realtime and 2904 particles and time-step τ = 5.0 · 10−6 [s]. Conversely, the 2nd-
order predictor-corrector shows higher mechanical stability in the computation of
the packing: The decay of the potential energy is much less significant than for the
3rd- and 5th-order method, even though it is noticeable that the fluctuations in the
kinetic energy are much stronger (see Fig. 2.4 (d)).
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Fig. 2.4 Linear graph (left) and semilogy graph (right) showing the transformation
of the kinetic and potential energy of the system using 2nd-, 3rd- and 5th-order Gear
predictor-corrector. For time-step τ = 5.0 · 10−6 [s], the stability of potential energy
(blue) decreases from 2nd- to 5th-order Gear predictor-corrector (see (a), (b), (c)).
While the stability of kinetic energy (red) increases from 2nd- to 5th-order Gear
predictor-corrector (see (d), (e), (f)).
Additionally, to investigate the dependency of the time-step on the stability and
the accuracy for the both kinetic and potential energy relaxation, we doubled the
time-step for 2nd-order Gear predictor-corrector to τ = 1.0 · 10−5 [s] and we noticed
that for larger time-step, the mechanical stability of the static packing (potential
energy) is getting unstable (see Fig. 2.5 left). Nevertheless, the kinetic energy for
2nd-order predictor-corrector decays much smoother and is less noisy with a larger
time-step compared to smaller time-step (see Fig. 2.5 right).
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Fig. 2.5 Transformation of the kinetic (red) and potential (blue) energy for time-
step τ = 5.0 · 10−6 [s] (see (a), (c)), and time-step τ = 1.0 · 10−5 [s] (see (b), (c)).
Linear graph on the left, while semilogy graph on the right.
2.4 Particle generation
A polyhedral particle occupies a certain space and maintains a certain shape. Since
the realistic shape of the granular particles is rather polyhedral than roundish, we
model granular particles as convex polyhedra in our DEM simulation.
2.4.1 Basic concepts - Vertices, faces and edges
There is more information to deal with for polyhedral particles than round particles
in a DEM simulation. For round particles, the radius is sufficient to describe the
geometry, but for polyhedra, the features like vertices, faces and edges are neces-
sary [11]. The surface of a polyhedron is a set of polygons which we divide into
triangles (triangulation in computational geometry). A face of a polyhedron is a set
of triangles. An edge is the intersection of the two adjacent faces. A vertex is the
intersection of several edges.
We need the geometric and topological information to represent a polyhedron.
The geometric information determines the boundary of the polyhedron. The topo-
logical information refers to the adjacencies and connectivities of vertices, faces and
edges.
A vertex is represented by its coordinates V = (Vx, Vy, Vz) in Cartesian coordi-
nates. Thus, we construct an array VERT_COORD (1:3, 1:nv) to store the coordinates
for each vertex for a polyhedron with nv vertices. Since we need to compute the
overlap and determine the contact force between two polyhedra, we have prepared
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a VERTEX_FACE_TABLE (see Fig. 2.6) array, which stores the connectivity faces with
the vertex. There is also a “reverse table” for the FACE_VERTEX_TABLE array.
VERT_COORD
vertex index: 1 → 4
V1x V2x V3x V4x
V1y V2y V3y V4y
V1z V2z V3z V4z
FACE_VERTEX_TABLE
face index: 1 → 4
F1 F2 F3 F4
1 1 1 2
2 3 4 4
3 4 2 3
VERTEX_FACE_TABLE
vertex index: 1 → 4
V1 V2 V3 V4
1 1 1 2
2 3 2 3
3 4 4 4
Fig. 2.6 An example of the VERTEX_COORD, FACE_VERTEX_TABLE,
VERTEX_FACE_TABLE
2.4.2 Tessellation of spheres into polyhedra
In principle we can generate an irregular-shaped polyhedron with the convex hull
algorithms[15, 16] of random points. Instead, in our research we prefer to generate
a regular-shaped polyhedron starting from one of the poles of an ellipsoid and select
points consecutively on several layers towards the other pole. The ellipsoid is then
divided equally by the equator. The number of points for the most upper and lowest
layer next to the poles are the same, twice the number for the remaining layers (see
Fig. 2.7 and Fig. 4.3). Thus, the information that we need to generate a polyhedron
is the number of triangular surfaces from the top view of an ellipsoid, m and the
number of layers of an ellipsoid, l.
2.5 Modification of polyhedron
While the previous program version contained only relatively uniform regular-shaped
particles, created from a regular tessellation of ellipsoids, I have now modified the
code that a vertex (point) can be added on any face of a regular-shaped polyhedral
particle, as long as the particle stays convex. Convex denotes a region where a
straight line that connects any 2 points can be drawn without leaving the region
(see Fig. 2.8). Conversely, if a part of the line is outside, the region is non-convex.
To generate a new vertex, we need to decide the angle from the y-axis through
the center of mass of the particle. Geometrically a new vertex is added on a “new
layer” between the starting pole the first layer and topologically we need to change
the vertices for the first and the last faces in the first layer and adding two new
faces into the FACE_VERTEX_TABLE array (see Fig. 2.9). The number ‘27’ in Fig. 2.9
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l1  nv=m
l2  nv=2m
l3  nv=2m
Fig. 2.7 Polyhedron with 62 vertices and 120 faces (right). Steps to generate a
polyhedron:
1. Divide an ellipsoid into several layers (l1, l2, l3 . . .) (left).
2. Pick up m points on the first layer from one of the poles.
3. Move on to the next layer and double the m only once until we reach the equator.
4. Then halve the number of points until we reach the final layer.
5. Connect the points m between adjacent layers or poles consecutively with trian-
gles.
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(right) is the addition of vertex number from a particle with ‘26’ vertices. Attention
should be paid that 1 new vertex, 2 new faces and 3 new edges will be generated on
the surface of polyhedron after the modification (see Fig. 2.10).
(a) Convex (b) Non−convex
Fig. 2.8 A convex polygon (a) and non-convex polygon (b).
FACE_VERTEX_TABLE
F1 F2 F3 F4
1 1 1 1
2 3 4 5
3 4 5 2
FACE_VERTEX_TABLE
F1 F4 F49 F50
1 2 1 2
3 3 5 5
27 27 27 27
Fig. 2.9 FACE_VERTEX_TABLE array for particle with 26 vertices and 48 faces before
modification (left) and after modification (right). Two new faces (F49 and F50) have
been added and the vertices for F1 and F4 have been reorientated with the new
vertex, V27.
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(b) After modification.
Fig. 2.10 Comparing particle’s shape (a) before modification (26 vertices, 48 faces
and 72 edges), with particle’s shape (b) after modification (27 vertices , 50 faces and
75 edges).
Chapter 3
Sound velocity
3.1 Continuum sound velocity
Sound is a continuum compression wave that is transmitted through a medium
(solid, liquid, gas). For a continuum, sound propagates as region with different
pressure and density. The relation for the sound velocity for a bulk solid cbulk is
given by the density ρ and Young’s modulus Y :
cbulk =
√
Y/ρ. (3.1)
However, it is independent of the actual wave-factor k or frequency w, as the sound
velocity in solids can be considered to be the limit for k → 0, w → 0.
sound velocity cbulk
Impact−velocity v
vImpact−velocity
ballcsound velocity
Fig. 3.1 Sound velocity which propagates through a space-filling of cubes cbulk and
a Newton-cradle cball with impact-velocity v from the left to the right side.
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3.2 Shape effect in sound propagation
The effect of particle shape in sound propagation can be clearly shown by the com-
parison between sound propagation in a chain of cubes and a Newton cradle (balls)
(see Fig. 3.1). The propagation speed for a space-filling packing of cubes (assume to
have perfect contacts and non-appearance of resonance processes during the trans-
mission of sound wave) would be cbulk, the same as for the continuum of the material.
In a Newton cradle, the shock propagation through the chain of metal balls is the
sound velocity, and this cball is lower than cbulk. The reason is that the contact
area of the balls in a Newton cradle is much more smaller than the cross section
of the cubes and the contacts between the balls are ‘weaker’. Nevertheless, both
sound velocities are still usually faster than the impact-velocity v, which creates a
eye-watering effect. While the particle on the left impacts slowly, the impact on the
left and the separation of the rightmost particle occur nearly simultaneously. This
makes the Newton cradle a prototypical model to understand the sound propagation
in a discrete element system: The sound is faster than the particle impact, but still
slower than the continuum sound velocity of the materials.
3.3 Setup of simulation for surface sound velocity
In this section, we want to understand the relation between particle shape and
sound velocity. As a parameter for the sound velocity, we use particles with Y =
6.5 ·107N/m2, and density = 1000kg/m3, which gives a theoretical sound velocity of
the continuum material of cc = 254.951m/s. Basically in our simulation, we prepare
and initialize the granular particles in a cuboid box as a particle aggregate. For the
particles, we use polyhedra with triangular faces inscribed into a sphere, by dividing
the sphere of radius 4.4 mm into slices and subdivide the surfaces of these segments
equidistantly (see Fig. 4.3). After that, we shoot a ‘bullet particle’ into the particle
aggregate which initiates a sound wave (see Fig. 3.2).
3.4 Sound velocity measurement
For the measurement of the sound velocity, we use the time of flight of a simple pulse,
determined by the onset of the wave front: This is also the wave with the fastest ve-
locity, according to the theory of dispersion for waves[17]. Due to the non-linearities
of the system, the wave-vector of the signals is not necessarily constant[17]. We plot
3.5. EFFECT OF POLYHEDRA CORNER NUMBER ON THE SOUND
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Fig. 3.2 Example configuration for the sound propagation with polyhedra of 14
corners (black) and the impacting ‘bullet particle’ in gray (left frontal side), axes in
cm.
the position for the highest velocity (maximal position change) for each particle over
the time interval (see Fig. 3.3) to observe the linearities and nonlinearities of sound
propagation. From the graph (see Fig. 3.3), we can notice that some of the parti-
cles showed their position for the highest velocity outside the regime which could
be considered to be the wavefront, and the region at the beginning of the impact
of the bullet particle was dominated by non-linearities. Thus, we eliminate these
points by using only the data inside a cone which we choose by hand. We choose
a triangle region due to the way of the sound wave propagates in three dimensions.
The sound velocity is then computed for the selected data via a least squares fit.
Some plausible changes of the triangle region and few data points from nonlinear
waves like in Fig. 3.3 did not affect the result for the sound velocity, as most data
points were so close to the wavefront that the weight of the outliers vanished.
3.5 Effect of polyhedra corner number on the sound
velocity
In order to investigate the shape effect in sound propagation, we use equal-sized
particles (inscribed in spheres with the same diameter, i.e. the mass is larger for
particles with more corners) for sound velocity measurement. To study the effect of
the particle packing (see Chapter 4 too), we have used two different configurations:
One with all particles in the same orientation, the other with all particles initialized
in random orientation. Besides that, we used two different impact velocities, 5 m/s
and 2.5 m/s, for the identical initial particle configuration to estimate the effect of
the impact velocity of the bullet particle.
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Fig. 3.3 Position for the highest velocity for each particle during the time interval
considered: Cone of linear sound with velocity clin in a) (black circles), and gray
crosses for the nonlinear sound waves with amplitude-dependent velocity cnon−lin >
clin in b), as well as linear sound emitted from the domain of nonlinear sound waves
in c).
From Fig. 3.4 (above), generally the sound velocity becomes higher for larger
number of corner, which on average will mean that contacting faces have more
parallel orientation. Nevertheless, there are some shapes like polyhedra with 38,
50 and 98 corners where the tendency is interrupted: Probably, the shape of these
configurations introduces weaker links (corner-surface contacts) than neighboring
corner numbers, as the effect of the number of contacts is inconclusive (Fig. 3.4
(below). For nearly all configurations, the measured sound velocity is higher for
higher (5 m/s) than for lower (2.5 m/s) impact velocity. This effect of the impact
velocity can be understood from the non-linear force law i.e. F ∝ δ2 for wedge-
shaped contacts. For interaction laws which grow faster than linear, the collision
duration is shorter for higher impact speeds.
3.5. EFFECT OF POLYHEDRA CORNER NUMBER ON THE SOUND
VELOCITY 19
9
10
11
12
13
14
15
So
un
d 
ve
loc
ity
 [m
/s]
3.53
3.92
4.31
4.71
5.10
5.49
5.88
Ra
tio
 to
 co
nt
inu
um
’s 
so
un
d 
ve
loc
ity
 [%
]
14 22    26 38    42  50 62 72 86 98 110
5
5.2
5.4
Corner−number
Nu
m
b.
 o
f c
on
t.
Fig. 3.4 Above: Dependence of the sound velocity on the corner number, impact
velocity of the bullet-particle and initial orientation: Impact velocity of 2.5m/s
(gray) with equal (circles) and random orientation at the initialization (squares),
and for 5.0m/s (black) with equal (pluses) and random orientation at the initial-
ization (triangles). Below: Respective average number of contacts. For all particles
initialized in random orientation (×) and all in the same orientation (diamonds).

Chapter 4
Packing density
As a sphere can be thought to be the limit of a polyhedron with many corners,
theoretically when the number of corners for non-elongated regular polyhedra is
increased, at some point the results should be identical with spherical particles. In
our research, we want to investigate if we can obtain the properties of granular
assemblies (packing densities) of spheres via polyhedral particles by increasing the
number of corners. We use a fully 3-dimensional discrete element method (DEM)
simulation of regular polyhedral particles with a variable number of vertices as well
as a simulation in which we use spheres instead of polyhedra. By manipulating
the number of vertices and faces of the polyhedral particles in our 3-dimensional
DEM simulation, we can obtain polyhedra with shape ranges from “sharp-edges”
(14 vertices, 24 faces) to “nearly round” spheres (72 vertices, 140 faces). Then we
compare the probability distribution of packing density between polyhedral particles
with different corner number and spheres. Besides that, we also study about the
effect of walls on those particle configurations and the effect of number of corners
(polyhedra) on the granular particle filling height and surface roughness.
4.1 Density measurement
For the average densities computation of continuous volumes of granular particles,
we define the 3-dimensional homogenized granular density in a cubic measurement
cell as the ratio of the volume occupied by the particles Vi within and the cell volume
Vc:
% =
∑n
i Vi
Vc
. (4.1)
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There are some possible options for choosing the volume of the particles and the
cubic cell volume. The computationally simplest option is to choose the volumes of
all the granular particles that have their center of mass in the cubic measurement
cell (see Fig. 4.1, left). Nevertheless, this is only a very rough estimate and the error
is often larger than the physical density variation. Therefore, we compute only the
volume of the granular particles inside the cubic measurement cell for all polyhedra
which are even only partially inside the cubic cell (see Fig. 4.1, right). Although
our method is algorithmically more demanding due to the boundary detection be-
tween cubic cells and granular particles, it gives much more accurate and meaningful
results.
We divide the system into multiple overlapping cubic measurement cells. Each
measurement cell is 4.5 particle diameters long. In both x and y direction, the system
contains 5 non-overlapping cells. For the z direction, the total cubic cell height is
chosen according to the total height of the granular particle aggregate to ensure
that the particles in the highest layer match the ceiling of the averaging volume.
We compute a moving average (see Fig. 4.2) in x, y and z direction to increase the
resolution for a given cubic measurement cell length. Each cubic measurement cell
has a neighbour cell with half of the cell length overlap along the length direction
(Fig. 4.2). While for the volume computation of the spheres, it is performed by
approximating them as polyhedra with 98 corners (comparing with 72 corners, the
Fig. 4.1 Examples of defining the volume of granular particles (black: particles vol-
umes which are counted) for average densities computation of continuous volumes.
One the left: Volume of the whole particle is counted if its center of mass is in the
cubic cell; On the right: Only the exact volume of the particle inside the cubic cell
is counted.
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changes were insignificant).
x
y
≈ 4.54×Particle diameters
Fig. 4.2 Two-dimensional sketch of density measurement in Eq. (4.1), with the total
system (white), the particles (Vi, sum of all particles in dark gray) and averaging
area (Vc, light gray), and shifted averaging cell (dashed line).
4.2 Setup of simulation for granular particles pack-
ing density
In this section, we want to understand the effect of the shape of granular particles on
packing density. In the DEM-code for three-dimensional regular polyhedra [8, 18, 4]
with friction, the particles have six degrees of freedom: three for translation, and
three for rotation. The polyhedral particles with triangular faces are inscribed in
ellipsoids, by dividing the ellipsoids into several slices and subdivide the surfaces of
these segments equidistantly.
As the material parameters for investigating the shape effect on granular parti-
cles packing density, we use particles with density = 1000kg/m3, and the Young’s
modulus is 6.5·107N/m2 which is constant through all simulations, unless mentioned
otherwise. The coefficient of friction µ = 0.6 is the same for the particle-wall inter-
action as for particle-particle interaction. To reduce the amount of parameters, the
walls have the same Young’s modulus as the particles, and the particle-wall friction
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is the same as the friction between particles. Other than gravity 9.81 m/s2 in the z
direction, no external forces are present.
The simulations are performed with regular polyhedra with a varying number
of corner, 14, 38, 50, and 72 corners respectively, (Fig. 4.3), as well as spheres
(setting the particle volume constant would have led to varying particle diameters,
which would have led to possible artifacts due to the changing commensurability of
particle diameters and distance between the walls.). We use particles with identical
diameters (8.8 mm), so their volumes can differ by a factor up to 5/3.
Fig. 4.3 Polyhedra with corners (faces): 14 (24), 38 (72), 50 (96) and 72 (140).
Volume ratio with respect to a sphere with the same radius: 0.60. . . , 0.85. . . , 0.89. . . ,
0.92. . . .
4.2.1 Preparation of the system
To prepare the system, we first set up a box which has a square base, 22 particle
diameters wide (see Fig. 4.4), with its height depending on the particle filling. The
box is formed by six cuboid walls (12 faces and 8 vertices) with about 2 particle
diameters thickness to limit the simulation box on front, back, left and right sides,
as well as the bottom. After that, 23232 granular particles are initialized with their
centers of mass on a simple cubic grid above the floor and then dropped layer-wise
under the influence of gravity (see Fig. 4.5). The reason that we drop the particles
layer-wise is to reduce the total kinetic energy for the particle impacts and the
resulting relaxation time. The whole initialization lasts for 4 seconds including the
equilibration and the system preparation ends when there is no significant change
in kinetic energy can be found. From (see Fig. 4.6), we can notice that the kinetic
energy fluctuates during the layer-wise dropping of particles into the box (peak when
a new layer is generated and dropped, valley when the moment the new layer reach
the floor or impacts on the particle assembly) and it decays after the layer-wise
dropping when only some rotatory vibration energy from the particles remains.
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Fig. 4.4 Simulation box with square base, 22 particle diameters wide without show-
ing the front wall. The walls are flat cuboids (≈ 2 particle diameters thickness) with
12 faces and 8 vertices. Axes in particle diameters.
4.2.2 Configuration of particle assemblies
After the equilibration of the system, we can immediately see that different granular
particle shapes result in different particle filling height from Fig. 4.7 (a) to (c). The
spherical particles have the highest filling, follow by polyhedral particles with 72, 50,
38 and 14 corners. It is obvious that polyhedral particles with less corners occupy less
volume and lead to a lower filling height than quasi-spherical polyhedra with more
corners, and additionally, with decreasing corner number, particles can more easily
wedge into gaps between particles of adjacent layers which lead to the increasing of
the packing density. In the limit of cubes, the particles would be able to achieve
space-filling densities, while particles with many corners could at best order at the
packing density of spheres (ignoring effects from the boundary, where the density
is even lower). This means that even with the constant number of particles, the
centers of mass of polyhedral particles with few corners are closer than for particles
with many corners, or spheres.
We choose to fix the particle diameter, instead of the volume to avoid arbitrary
influences from minor changes of the diameter: Diameters commensurable or incom-
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(a)
(b)
(c)
Low High
Fig. 4.5 Steps of the preparation using an example of a smaller system with 1936
polyhedral particles (14 vertices, 24 faces): (a) Box with six cuboid walls initialized
with the particles in a simple cubic grid above the floor. (b) Layer-wise dropping of
the particles and relaxation. (c) System preparation ends when there is no significant
change in kinetic energy (stable). Color bar at the bottom shows the velocity (kinetic
energy) of the granular particles due to vibration during energy relaxation. Axes in
particle diameters.
mensurable with the system size could easily lead to variations in densities which
would be unrelated to the particle shape effect. For the same reason, we choose to
investigate only (more or less) regular, non-elongated polyhedral particles, as the
effect of particle elongation on the density is also unpredictable.
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Fig. 4.6 Linear graph (left) and semilogy graph (right) showing the relaxation
of the total kinetic energy of the system in 4 seconds to signify that there is no
significant change in kinetic energy. The kinetic energy fluctuates during the layer-
wise dropping and decays after that (left only some rotatory vibration energy).
4.3 Results
4.3.1 Influence of the walls
The granular density of each cubic measurement cell (4.5 particle diameters long) are
then plotted on its own center of mass and Figs. 4.8, 4.9 (axes in particle diameters)
show the density contours of polyhedral particles and spheres which are computed
at the cross section in the middle of the system. Due to the square base and
the overlapping cubic measurement cells, there are 9 cubic cells in each X and Y
direction, and the number of cubic cells in Z direction depends on the total filling
height of the granular particle aggregate, which makes the total of 729 cells (14
corners), 1134 cells (38 and 50 corners), 1215 cells (72 corners) for polyhedra with
different number of corners, as well as 1377 cells for spheres.
The influence of the walls on the density for polyhedral particles seems to be
largely independent of the number of corners. Compared to the density contours of
the spherical particles, we can see that generally for polyhedral particles, the regions
with higher density tend to concentrate at the center of the system while those of
lower density are near the walls. In addition, the density contours of polyhedra with
38, 50 and 72 corners (Figs. 4.8 (b)–(d)) show that the region of high density widens
towards the bottom (floor) due to the vibration of the particles resulting from the
impact of layer-wise deposition. For the density contours of spherical particles (see
Fig. 4.9), it is noticeable that the domains show less influence of the walls on the
density compared with the polyhedra which is a signature of the higher mobility of
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(a)
(b)
(c)
Fig. 4.7 System of polyhedral particles with (a) 14 corners, (b) 38 corners, and (c)
spherical particles after equilibration (left) and the magnified view (right) to show
the detailed packing. Axes in particle diameters.
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Fig. 4.8 Density contours for the system of polyhedral particles with (a) 14 corners,
(b) 38 corners, (c) 50 corners and (d) 72 corners. The level of density is indicated
by the color bar on the right of each figure and the axes are in particle diameters.
4.3.2 Comparison of polyhedra and spheres
For increasing number of corners, Fig. 4.10 shows the probability distribution of
packing densities for polyhedral particles with different number of corners and
spheres. Accordingly, polyhedral particles with lower number of corners show prob-
ability distributions around higher densities than particles with higher number of
corners. This is because of the “wedge-shape” vertices of the polyhedra with lower
number of corners (14 vertices) can slip into the space between other polyhedra
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Fig. 4.9 Density contours for the system of spherical particles. The level of density
is indicated by the color bar on the right and axes are in particle diameters.
more easily than the rounded shapes. For polyhedra with 38 vertices, the probabil-
ity distribution of particle packing densities approach a limit, and the distribution is
hardly different from that for polyhedra with 50 and 72 vertices. Nevertheless, the
probability distribution is still significantly different from that for spherical particles.
In other words, the density distribution for polyhedral particles with 72 vertices is
closer to that for 14 vertices than to that for spheres.
4.3.3 Influence of material stiffness (Young’s modulus)
While the higher density distribution for lower number of corners (compared to more
“rounded shapes”) was predictable, it is surprising that the probability density for
polyhedral particles with many corners does not approach the one for spheres. It
cannot be due to the simulation code, as the only difference between each simula-
tion is the number of corners and the use of spheres, with the corresponding overlap
computation, all other functions (integrator, force computation) are the same. We
think that the possible candidate for the different probability distribution of packing
densities is the mobilization of rolling and the resulting reordering in the system:
While the energetic costs for rolling is exactly zero for spherical particles, for the
polyhedra in our simulation the elevation of corners over that of faces is still signifi-
cant. Accordingly, features (in particular corners and edges) of neighboring particle
have to move “through” each other so that the configurations can reorder. This
occurs at considerable energetic costs, so the shape is a severely limiting constraint.
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Fig. 4.10 Probability distribution of packing densities for polyhedral particles with
different number of corners and spherical particles. The Young’s modulus, Y=6.5 ·
107N/m2 is constant for all simulations.
Instead of significantly (i.e. by several orders of magnitude, which would have
increased the necessary CPU-time accordingly) increasing the number of vertices of
polyhedral particles, we decided to reduce the energetic costs for rolling by reducing
the material stiffness (i.e. the Young’s modulus). Then, the previous simulations
were repeated with a fixed corner number of 72 and with lower values of the Young’s
modulus (from 65 Mpa to 35 Mpa and 6.5 Mpa). For decreasing Young’s modulus
of particle material, apparently the probability distribution of the polyhedra with
72 corners (65 Mpa) moves to lower densities and approaches those for spherical
particles (see Fig. 4.11). This is due to the higher mobility of softer (lower Young’s
modulus) polyhedra, which can more easily reorient and reorder under deformation,
so their characteristics become more like spherical particles.
4.3.4 Surface roughness
For regular polygons inscribed into circles with radius r, the length of the apothem
(the distance between center of mass and the middle of one edge) is a = r cos(pi/n).
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Fig. 4.11 Probability distribution of packing densities for polyhedra (72 vertices)
and spheres depending on material strength.
While for our 3-dimensional simulation, we compute the polyhedral particle surface
roughness (root mean square, rms) of the polyhedra as
rms[meter] =
√√√√ 1
N
N∑
i=1
(rpoly − di)2, (4.2)
where rpoly is the radius of the polyhedra computed from its own volume; di is the
distance between the center of mass of the polyhedra and all the vertices, all the
equidistance points on each edge and all the equidistance points on each triangular
face (see Fig. 4.12); N is the parameter to control the amount of equidistance points.
To obtain a more accurate value for the surface roughness rms [meter] of each
polyhedra (14, 26, 38, 50, 72, 98 vertices), we manipulate the parameter N which
is the amount of equidistance points on the particle surface until the 7th decimal
point of the rms is stable (see Fig. 4.13).
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Fig. 4.12 Definition of the vertices (green !), the equidistance points on edges
(blue •), the equidistance points on triangular faces (red ×) on a simple triangle
surface (left) and on a single polyhedron with 14 vertices (right) when N is set to
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Fig. 4.13 Dependency of the surface roughness rms [meter] for polyhedral particles
with 14 corners (left) and 50 corners (right) on parameter N . The value of rms is
stable after N = 120.
Then we divide the chosen rms by the radius of the polyhedra as
rms[radius%] =
rms[meter]
rpoly
× 100%. (4.3)
The roughness, scaled in particle radii and given in percent, radius % (see Eq. 4.3) for
each polyhedron depending on the number of corners is shown in Fig. 4.14. We can
see that when the number of corners of the polyhedral particles is increased by one
order of magnitude (from 14 corners to 98 corners), the particle surface roughness is
only decreased by one order of magnitude (from ≈ 6.5 [radius %] to 0.6 [radius %]).
In other words, significantly increasing the number of corners of polyhedra beyond
two digits to achieve a more smoother surface roughness (“more rounded shapes”)
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is computationally not practicable. The bulk of the computer time will go into the
updating of corner positions of the polyhedra during the time integration. On the
other hand, this also means that spheres are very bad approximations for angular
particles used in experiments as they do not model the shape of the polyhedra
realistically.
From Fig. 4.15 which shows the surface roughness for polyhedral particles with
different filling height and different particle volume, we can see that both the filling
height of the system and the particle volume are inversely proportional to the surface
roughness, which means that system of polyhedra with less corners has less filling
height compared to spheres or polyhedra with smoother surface. It turns out that the
system filling is basically proportional to the particle volume, see Fig. 4.15. Besides
that, it should be noted that the system filling height of polyhedral particles with 98
corners is not shown in Fig. 4.15 because the total simulation time of 23232 particles
of it is not practical (≈ 3 to 4 weeks).
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Fig. 4.14 Surface roughness scaled in particle radii and given in percent, radius %
for polyhedra with different number of corners. Data points from left to right:
Polyhedra with 14, 26, 38, 50, 72 and 98 corners.
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Fig. 4.15 Dependence of the system filling height “×” (y-axis on the left) and
particle volume “◦” (y-axis on the right) on the particle surface roughness, radius%.

Chapter 5
Triaxial compression
In general, the stress-strain curves for granular materials are studied via the triaxial
compression. Experimentally, the granular material is set up in a rubber membrane,
then the volume of the rubber membrane (with granular material inside) is com-
pressed in Z direction under a constant velocity. Meanwhile, the X and Y direction
of the membrane is held under constant pressure from an water reservoir simultane-
ously. During our previous study about the effect of particle shape and interparticle
friction on the stress-strain curves in two dimensions, we found that the elongated
particles show a significantly higher shear strength than non-elongated particles [3]
which indicates that the elongation of the granular particle is an important parame-
ter for the statistical physics of granular materials. We are now continuing our work
on the effect of the polyhedral particle shape on the stress-strain diagram via our
three dimensional simulations.
In our three dimensional simulations with the discrete element method, the rub-
ber membrane is replaced by a octagon box with 8 cuboid walls, 1 floor and 1 lid (see
Fig. 5.1). We choose a regular octagon rather than a square box in our simulation
to represent the cylindrical rubber membrane so that the simulation is closer to the
experimental setup. For the triaxial compression simulation, all the granular parti-
cles are held under a constant pressure in X and Y direction (constant pressure from
the water container in experiment), while the lid moving downward in Z direction
under constant velocity to compressed the particles (see Fig. 5.2). The pressure is
modeled by forces acting on the walls, depending on their orientation in ±X, ±Y,
±X±Y direction. To model the pressure as constant, the force must be modified
according to the area which the walls contact the inner particle filling: This area is
equivalent to that part of the wall which is bounded by the intersection from the
neighboring walls.
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Fig. 5.1 Three dimensional octagon box (without particles inside) containing 8
cuboid walls, 1 floor and 1 lid in the simulation. Axes in meter.
Fixed
Lid move in
constant velocity
Constant
pressure
Fig. 5.2 Three dimensional front view (left) and top view (right) of the triaxial
compression setup with 9932 granular particles inside.
Chapter 6
Summary
The probability distributions of packing densities for non-elongated regular polyhe-
dra with increasing number of corners at least for hundreds of corners do approach
a common limit, but for this practically achievable number of corners, the density
distribution is significantly different from the density distributions of spherical par-
ticles with the same Young’s modulus and amount of particles (identical particle
diameter). However, when the Young’s modulus for the polyhedra is reduced, the
probability distributions of densities for polyhedra approach that for spherical par-
ticles with the original Young’s modulus. Accordingly, one should not imagine that
spheres are a plausible approximation of polyhedra for practical applications: The
energetic costs for the reorient and reordering are considerably lower for spheres.
While we have only used few samples and only one kind of boundary conditions the
results in our simulations were consistent, so the actual effects can be attributed to
the shape.
We have attributed the difference in the densities to the particle mobility, i.e.
to the ability of particles to relocate in the granular matrix, where other particles
act as obstacles: As this relocation is due to the linear degrees of freedom, the
rolling degrees of freedom, or both, it is doubtful whether large coefficient of rolling
friction, generally in the range 5× 10−3 to 10−5 [19, 20, 21] really make a difference
for granular assemblies [22]: In the end, it is the particle geometry which makes the
difference.
When polyhedral (or, in two dimensional, polygonal) simulations do not repro-
duce the results for spheres (circles in two dimensions), this is not an argument
against the correctness of simulation with polytopes: It is rather an argument that
even in the absence of particle elongation, there are shape effects which lead to
different behavior for spherical and non-spherical shapes.
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